
Complex Numbers Exercises: Solutions

1. write in the formx + iy:

(a).
1

2 + 2i

1

2 + 2i
=

1

2 + 2i
· 2 − 2i

2 − 2i
=

2 − 2i

4 + 4
= 1

4
− 1

4
i.

(b).
1

i3

1

i3
=

1

−i
=

−1

i
· i

i
=

−i

−1
= i.

(c). i(1 + i)(1 − i)2

i(1 + i)(1 − i)2 = (i − 1)(1 − i)2 = (i − 1)(1 − 2i + i2) = (i − 1)(−2i) = −2i2 + 2i = 2 + 2i.

2. Write in the polar and the exponential polar form:

(a).
1

2 + 2i

(see 1.a.)= 1
4
− 1

4
i, so, |z| =

√

1
16

+ 1
16

=
√

2
4

= 1
4

√
2. From drawing1

4
− 1

4
i we see directly

thatϕ = −1
4
π, so

1
4
− 1

4
i = 1

4

√
2
(

cos
(

−π
4

)

+ i sin
(

−π
4

))

= 1
4

√
2e−i π

4 .

(b). −1 + i
√

3

|z| =
√

1 + 3 = 2. By drawing and using anarctan we find ϕ = 2
3
π. So−1 + i

√
3 =

2
(

cos
(

2
3
π
)

+ i sin
(

2
3
π
))

= 2ei 2

3
π.

(c).
√

1 + i

First look at1+ i: this has modulus
√

2 and argumentπ
4
, so1+ i =

√
2ei π

4 . Now take the square
root:

(1 + i)1/2 =
(√

2ei π

4

)1/2

= 2
1

4 ei π

8 =
4
√

2
(

cos
(

π
8

)

+ i sin
(

π
8

))

.
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3. Give all roots (solutions) ofz2 + z + 1 = 0.

−b ±
√

b2 − 4ac

2a
=

−1 ±
√

1 − 4

2
= −1

2
± 1

2

√
−3 = −1

2
± 1

2

√
3i.

4. Split into factors:z2 + 1.

Solutions ofz2 + 1 = 0 arez = ±i. (You can see this directly fromz2 = −1 or by using the
quadratricabc-formula.) So:z2 + 1 = (z − i)(z + i).

5. Multiplying a complexz by i is the equivalent of rotatingz in the complex plane byπ/2.
(a). Verify this for z = 2 + 2i
(b). Verify this for z = 4 − 3i
(c). Show thatzi ⊥ z for all complexz.

The easiest way is to use linear algebra: setz = x + iy. Thenzi = ix − y. This corresponds

to the vectors

(

x
y

)

and

(

−y
x

)

in the complex plane respectively. Since the dot product of

these vectors is0, they are perpendicular.

6. Calculate Im((i + 1)8z2) for z = x + iy.

i + 1 =
√

2
(

cos
(

π
4

)

+ i sin
(

π
4

))

(i + 1)8 = 24 (cos (2π) + i sin (2π)) = 16(1 + i · 0) = 16

z2 = x2 + 2ixy − y2

(i + 1)8z2 = 16(x2 − y2) + 32ixy
Im ((i + 1)8z2) = 32xy.

7. Find an expression forsin(3θ) in terms ofsin(θ), cos(θ).

By de Moivre’s formula (using shorthandscos θ = c andsin θ = s):

(c + is)3 = cos(3θ) + i sin(3θ)
working out the left side gives:
(c + is)(c2 + 2ics + −s2) =
c3 + 2ic2s − cs2 + isc2 − 2cs2 − is3 =
(c3 − cs2 − 2cs2) + i(2c2s + sc2 − s3) =
(c3 − 3cs2) + i(3c2s − s3).
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Socos(3θ)+ i sin(3θ) = (c3 − 3cs2)+ i(3c2s− s3). This equality only holds if both the real and
the imaginary parts of the equation hold. In this case, we areonly interested in the imaginary
part, because this equalssin(3θ), so:

sin(3θ) = 3 cos2(θ) sin(θ) − sin3(θ).

8.(advanced) Solvez4 + 16 = 0 for complexz, then use your answer to factorz4 + 16 into two
factors with real coefficients.

Alternative 1: write the equation as(z2)2 + 16 = 0:

(z2)2 = −16
z2 = 4i ∨ z2 = −4i

z2 = 4ei π

2 ∨ z2 = 4ei−π

2

z = ±2ei π

4 ∨ z = ±2ei−π

4

z = ±(2(1
2

√
2 + i1

2

√
2)) ∨ z = ±(2(1

2

√
2 − i1

2

√
2))

z = ±(
√

2 + i
√

2) ∨ z = ±(
√

2 − i
√

2)

So

z4 + 16 = (z − (
√

2 + i
√

2))(z − (−
√

2 − i
√

2))(z − (
√

2 − i
√

2))(z − (−
√

2 + i
√

2)).

We can reduce these four factors to two factors by (e.g.) multiplying factors 1&2 and 3&4, but
this leads toz4 +16 = (z2 − 4i)(z2 +4i), i.e. not with real coefficients. Multiplying factors 1&3
and 2&4 gives the desired answer:

z4 + 16 = (z2 − 2
√

2z + 4)(z2 + 2
√

2z + 4).

Alternative 2:

z4 + 16 = 0
z4 = −16 = 16(cos(π) + i sin(π)) = 16eiπ

more general:
z4 = 16ei(π+k2π) with k integer (this is necessary to find all roots with a valid argument).
z = 4

√
16ei(π

4
+k π

2
)

z = 2ei(π

4
+k π

2
)

For valid arguments (−π < ϕ ≤ π) this yieldsz = 2e−
3

4
π, 2e−

1

4
π, 2e

1

4
π, 2e

3

4
π, which leads to the

same solutions as in alternative 1. (The rest; the factorization is the same as in alternative 1.)

3


